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A NOTE ON EXPLICIT SOLUTIONS OF CERTAIN
IMPULSIVE FRACTIONAL DIFFERENTIAL

EQUATIONS

Namjip Koo*

Abstract. This paper deals with linear impulsive differential equa-
tions involving the Caputo fractional derivative. We provide exact
solutions of nonhomogeneous linear impulsive fractional differential
equations with constant coefficients by means of the Mittag-Leffler
functions.

1. Introduction and preliminaries

Denton and Vatsala [5] established the explicit representation of the
solution of the linear fractional differential equation with variable co-
efficients and they developed the Gronwall integral inequality for the
Riemann-Liouville fractional differential equations. Choi et al. [1] ob-
tained an exact solution of linear Caputo fractional differential equations
by the help of the Mittag-Leffler functions. Also, Choi et al. [2] studied
the stability for Caputo fractional differential equations. Fečkan et al.
[6] studied a Cauchy problem for a fractional differential equation with
linear impulsive conditions and made a counterexample to illustrate that
the concepts of piecewise continuous solutions used in current papers are
not appropriate. Wang et al. [10] obtained many new existence, unique-
ness and data dependence results of solutions for nonlinear impulsive
fractional differential equations involving the Caputo fractional deriva-
tive via some generalized singular Gronwall inequalities. Choi and Koo
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[3, 4] obtained exact solutions for linear impulsive fractional differen-
tial equations with constant coefficients by means of the Mittag-Leffler
functions.

In this paper we provide exact solutions of nonhomogeneous linear
impulsive fractional differential equations with constant coefficients by
means of the Mittag-Leffler functions.

We recall the notion of Mittag-Leffler functions which were originally
introduced by G. M. Mittag-Leffler(see [9]). That is, one parameter
family Mittag-Leffler function is given by

Eq(tq) =
∞∑

k=0

tqk

Γ(qk + 1)
, q > 0

and two parameter family Mittag-Leffler function is defined as

Eq,r(tq) =
∞∑

k=0

tqk

Γ(qk + r)
, q, r > 0,

where Γ is the Gamma function given by

Γ(z) =
∫ ∞

0
e−ttz−1dt, Re(z) > 0.

The Mittag-Leffler functions which are the generalizations of the ex-
ponential function play an important role in the theory of fractional
differential equations.

Let q be a positive real number such that 0 < q ≤ 1 and t0, T ∈ [0,∞).
We recall the definition of the Caputo fractional derivative of a function
u : [t0,∞) → R.

Definition 1.1. [7] The Caputo fractional derivative of order q of a
function u is defined by

CDq
t0

u(t) =
1

Γ(1− q)

∫ t

t0

(t− s)−qu′(s)ds,

where u′(t) = du(t)
dt .

For the fractional calculus and the theory of fractional differential
equations, we refer the reader to [7].

Throughout this paper, let J = [t0, T ]. Assume that {tk}m
k=1 satisfies

0 ≤ t0 < t1 < · · · < tm < tm+1 = T , u(t+k ) = limε→0+ u(tk + ε) and
u(t−k ) = limε→0− u(tk + ε) represent the right and left limits of u(t) at
t = tk. Denote by C(J,R) the set of all continuous functions from J
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into R. Also, let PC(J,R) be the set of all functions from J into R as
follows:

PC(J,R) = {u : J → R|u ∈ C((tk, tk+1],R), k = 0, 1, · · · ,m, and
there exist u(t−k ) and u(t+k ), k = 1, · · · ,m, with u(t−k ) = u(tk)}.
We consider the following fractional Cauchy problem




CDq
t0

u(t) = f(t, u(t)), t 6= tk, t ∈ J,

∆u(tk) = Ik(u(t−k )), k = 1, 2, · · · ,m,

u(t0) = u0 ∈ R,

(1.1)

where f : J ×R→ R is jointly continuous, ∆u(tk) = u(t+k )− u(t−k ), and
Ik : R → R. For the concept and existence of solution for Eq. (1.1),
see [6, 10]. Also, for the general theory and applications of impulsive
differential equations, we refer the reader to [8].

2. Main results

In this section we give exact solutions of nonhomogeneous linear im-
pulsive fractional differential equations with constant coefficients by the
means of the Mittag-Leffler functions.

Lemma 2.1. [10] Let a be a real number with a > t0. Then a function
u ∈ C(J,R) is a solution of the following fractional Cauchy problem{

CDq
t0

u(t) = f(t, u(t)), t ∈ J,

u(a) = u0
(2.1)

if and only if it is a solution of the following fractional integral equation

u(t) = u0 − 1
Γ(q)

∫ a

t0

(a− s)q−1f(s, u(s))ds

+
1

Γ(q)

∫ t

t0

(t− s)q−1f(s, u(s))ds.

Lemma 2.2. [10] A function u ∈ PC(J,R) is a solution of the follow-
ing fractional integral equation

u(t) =





u(t0) + 1
Γ(q)

∫ t
t0

(t− s)q−1f(s, u(s))ds, t ∈ [t0, t1],
...

u(t0) +
∑

t0<tk<t

Ik(u(t−k ))

+ 1
Γ(q)

∫ t
t0

(t− s)q−1f(s, u(s))ds, t ∈ (tk, tk+1], k = 1, · · · , m,
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if and only if it is a solution of Eq. (1.1).

Next, we consider the nonhomogeneous linear differential equation
involving the Caputo fractional derivative

CDq
t0

x(t) = λx(t) + h(t), x(t0) = x0, (2.2)

where x, h ∈ C(J,R) are continuous. Then the unique solution x(t) of
Eq. (2.2) satisfies the following integral equation

x(t) = x(t0)Eq(λ(t− t0)q) +
∫ t

t0

(t− s)q−1Eq,q(λ(t− s)q)h(s)ds (2.3)

for t ≥ t0.

Lemma 2.3. [1, Lemma 3.2] If we set h(t) ≡ d in Eq. (2.2) with a
constant d, then the solution x(t) of Eq. (2.3) reduces to

x(t) = x(t0)Eq(λ(t− t0)q) + d(t− t0)qEq,q+1(λ(t− t0)q), t ∈ J.

Remark 2.4. If we set h(t) ≡ d in Eq. (2.2) involving the Caputo
fractional derivative of the order q = 1, then the solution x(t) of of Eq.
(2.3) reduces to

x(t) = x(t0)E1(λ(t− t0)) + d(t− t0)E1,2(λ(t− t0))

= eλ(t−t0)x(t0) +
d

λ
(eλ(t−t0) − 1), t ∈ J,

where λ is nonzero constant.

We can obtain the following result about exact solutions of nonhomo-
geneous linear impulsive fractional differential equations with constant
coefficients by the help of the Mittag-Leffler functions. This result is an
improvement of Theorem 2.4 in [3].

Theorem 2.5. If we set f(t, u) ≡ λu + d with constants λ, d and
Ik(u(t−k )) = βku(t−k ), k = 1, 2, · · · ,m, with each constant βk in Eq. (1.1),
then the solution u(t) of Eq. (1.1) is given by

u(t) =





u0Eq(λ(t− t0)q) + d(t− t0)qEq,q+1(λ(t− t0)q)), t ∈ [t0, t1],
u0Eq(λ(t− tk)q)

∏k
i=1(1 + βi)Eq(λ(ti − ti−1)q)

+dEq((λ(t− tk)q))
∑k

j=1(tj − tj−1)qEq,q+1(λ(tj − tj−1)q)×∏k
i=j((1 + βi))

∏k
i=j+1 Eq(λ(ti − ti−1)q)

+d(t− tk)qEq,q+1(λ(t− tk)q), t ∈ (tk, tk+1],

where k = 1, 2, · · · ,m and
∏k

i=k+1 Eq(λ(tk + 1− tk)q) = 1.
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Proof. Let t ∈ [t0, t1]. Then it follows from Lemma 2.3 that

u(t) = u0Eq(λ(t− t0)q) + d(t− t0)qEq,q+1(λ(t− t0)q), t ∈ [t0, t1].

If t ∈ (t1, t2], then we obtain

u(t) = (1 + β1)u(t−1 )Eq(λ(t− t1)q) + d(t− t1)qEq,q+1(λ(t− t1)q)
= u0(1 + β1)Eq(λ(t1 − t0)q)Eq(λ(t− t1)q)
+ (1 + β1)d(t1 − t0)qEq,q+1(λ(t1 − t0)q)Eq(λ(t− t1)q)
+ d(t− t1)qEq,q+1(λ(t− t1)q), t ∈ (t1, t2].

If t ∈ (t2, t3], then we obtain

u(t) = (1 + β2)u(t−2 )Eq(λ(t− t2)q) + d(t− t2)qEq,q+1(λ(t− t2)q)
= u0(1 + β1)(1 + β2)Eq(λ(t1 − t0)q)Eq(λ(t2 − t1)q)Eq(λ(t− t2)q)
+ (1 + β1)(1 + β2)d(t1 − t0)qEq,q+1(λ(t1 − t0)q)Eq(λ(t2 − t1)q)×

Eq(λ(t− t2)q) + (1 + β2)d(t2 − t1)qEq,q+1(λ(t2 − t1)q)Eq(λ(t− t2)q)
+ d(t− t2)qEq,q+1(λ(t− t2)q), t ∈ (t2, t3].

Let t ∈ (tk, tk+1]. Then it follows from above similar argument that

u(t) = (1 + βk)u(t−k )Eq(λ(t− tk)q) + d(t− tk)qEq,q+1(λ(t− tk)q)

= u0

k∏

i=1

(1 + βi)Eq(λ(ti − ti−1)q)Eq(λ(t− tk)q)

+
k∏

i=1

(1 + βi)d(t1 − t0)qEq,q+1(λ(t1 − t0)q)
k∏

i=2

Eq(λ(ti − ti−1)q)Eq(λ(t− tk)q)

+
k∏

i=2

(1 + βi)d(t2 − t1)qEq,q+1(λ(t2 − t1)q)
k∏

i=3

Eq(λ(ti − ti−1)q)Eq(λ(t− tk)q)

+ · · ·+
k∏

i=k−1

(1 + βi)d(tk−1 − tk−2)qEq,q+1(λ(tk−1 − tk−2)×

k∏

i=k

Eq(λ(ti − ti−1)q)Eq(λ(t− tk)q)

+
k∏

i=k

(1 + βi)d(tk − tk−1)qEq,q+1(λ(tk − tk−1)Eq(λ(t− tk)q)

+d(t− tk)qEq,q+1(λ(t− tk)q), t ∈ (tk, tk+1],

where k = 1, · · · ,m. This completes the proof.

In view of Theorem 2.5, we can obtain the following result in [4, Theorem
3.4].
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Corollary 2.6. If f(t, u) = λu and Ik(u(t−k )) = βku(t−k ) with con-
stants λ and βk in Eq. (1.1) for k = 1, · · · ,m, then the solution u(t) of
Eq. (1.1) reduces to

u(t) =

{
u0Eq(λ(t− t0)q), t ∈ [t0, t1],
u0

∏k
i=1[(1 + βi)Eq(λ(ti − ti−1)q)]Eq(λ(t− tk)q), t ∈ (tk, tk+1],

(2.4)

where k = 1, · · · ,m.

Remark 2.7. In addition to the assumptions of Eq. (1.1), assume
that {tk}∞k=1 satisfies 0 ≤ t0 < t1 < · · · < tk < · · · and limk→∞ tk = +∞.
Then we can extend Theorem 2.5 and Corollary 2.6 to case of Eq. (1.1)
with J = [t0,∞) and {tk}∞k=1.
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